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Abstract. We consider BMO spaces of operator-valued functions, among 
them the space of operator-valued functions B which define a bounded para- 
product on L 2 (H). We obtain several equivalent formulations of \\ttb || in terms 
of the norm of the " sweep" function of B or of averages of the norms of martin- 
gales transforms of B in related spaces. Furthermore, we investigate a connec- 
tion between John-Nirenberg type inequalities and Carleson-type inequalities 
via a product formula for paraproducts and deduce sharp dimensional esti- 
mates for John-Nirenberg type inequalities. 



1. Introduction 

Spaces of BMO functions on the real numbers K or the circle T, taking values in 
the bounded linear operators on a Hilbert space, have been investigated in a number 
of different contexts in recent years, for example non-commutative LP spaces jPXuj , 
[Mel] , matrix- weighted inequalities [GPTVlj , GPTV2] , sharp estimates for vector 
Carleson Embedding Theorem [K], [NTV] . [NPiTV] . [Pet] . observation operators 
in linear systems over contractive semigroups j JPa| . [JPaPj , and Hankel operators 
in several variables [PS] , 

The theory of operator valued BMO functions is much more complicated than 
the scalar theory and remains to be fully understood. Some of the different yet 
equivalent characterizations of scalar BMO(T) or BMO(R) lead to distinct spaces of 
operator valued BMO functions. In many cases, we can express this in the language 
of operator spaces by saying that different operator space structures on the scalar 
BMO space arise naturally from the different yet equivalent characterisations of 
scalar BMO. These difficulties reflect partly the subtle geometric properties of the 
dual Banach space C(7i) of bounded linear operators on a Hilbert space. 

It is often easier to consider dyadic versions of BMO and to work with dyadic 
versions of classical operators like the Hilbert transform H or the Hankel operator 
with symbol b, T^. Two such dyadic counterparts of a Hankel operator Tf, are the 
dyadic paraproduct 7T& and the operator A5 = 7T& + tt?. While the former has a 
natural interpretation as a Carleson Embedding operator, the latter connects more 
easily in the operator valued case to the theory of vector- valued BMO functions (in 
particular to the space BMO^ orm (£(7i))). Estimates for Hankel operators can then 
be obtained by averaging techniques. 

One important difference between the scalar-valued and the operator-valued set- 
tings is the failure of a certain version of the classical John-Nirenberg Lemma, or in 
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other words, the lack of boundedness of the "sweep" , which governs the behaviour 
of the dyadic paraproduct. 

The purpose of the present paper is to study in particular the spaces arising from 
the operators 7T(, and A&, to investigate the relationship between dyadic paraproduct, 
its "real part" A& and the sweep, and to give sharp dimensional estimates for the 
sweep in the "strong" BMO norm || ■ ||BMO d an d other norms, answering a question 
in [GPTVlj . 

Let V denote the collection of dyadic subintervals of the unit circle T, and let 
(hi)iev, where hj = ^^ 1/2 (xi+ — Xi-)i be the Haar basis of L 2 (T). Let TL be 
a separable, finite or infinite-dimensional Hilbert space and let J-qq denote the 
subspace of £(7i)-valued functions on T with finite formal Haar expansion. Given 
e, / e TL and B e L 2 {T, C(H)), we denote by B e the function in L 2 (T, TL) defined by 
B e {t) = B{t){e) and by B e j the function in L 2 (T) defined by B eJ (t) = (B(t){e), /). 
As in the scalar case, let Bj denote the formal Haar coefficients Jj B(t)hidt, and 
mjB = |jy Jj B(t)dt denote the average of B over / for any I G T>. Observe that 
for Bj and mjB to be well-defined operators, we shall be assuming that the C(TL)- 
valued function B is weafc*-integrable. That means, using the duality C(TL) = 
(TL®TL)* , that (B(-)(e), /} £ i 1 (T) for e, / £ TL. In particular, for any measurable 
set A, there exist B A £ £(H) such that (B A (e)J) = (J A B(t)(e)dt, f). 

Let us denote by BMO d (T, H) the space of Bochner integrable TL- valued func- 
tions b : T — ■> TL such that 

(1) ||&||bmo*(M) = su p(tTT / UK*) ~ rmbfdt) 1 ' 2 < oo 

lev | J | J i 

and by WBMO d (T, TL) the space of Pettis integrable TL- valued functions b : T — » TL 
such that 

(2) ||6||wbmo"(H) = sup (-, / \{b(t) - mi b,e)\ 2 dt) 1/2 < oo 

iev,een,\\e\\=i I 1 1 J i 

Let us define different version of dyadic operator-valued BMO to be considered 
throughout the paper. 

We denote by BMO d orm (T, C(TL)) the space of Bochner integrable £(H)-valued 
functions B such that 

(3) H-BIIbmo* = sup(-^ [ \\B(t) - rmBfdt) 1 / 2 < oo. 

lev \-L\ J i 

and denote by WBMO d (T, C(TL)) the space of w;eafc*-integrable £(W)-valued func- 
tions B such that 

(4) ||5||wbmo*= sup (4 f \((B(t)-m I B)eJ)\ 2 dt) 1 / 2 

/GX>,||e|| = ||/|| = l U\ Jl 

= SUp ||-Be||wBMO<i(T,H) < 
eeW,||e||=l 

or, equivalently, such that 

ll-B|| WB Mo d = sup \\{B, A}|| BMO d( T) < oo. 
AeS!,\\A\\i<l 

Here, Si denotes the ideal of trace class operators in £(TL), and (B,A) stands for 
the scalar-valued function given by (B,A)(t) = tr&ce(B(t)A*). 
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In the operator-valued setting one has another natural formulation. Denote 
by SBMO d (T, the space of £(H)-valued functions B such that B(-)e £ 

BMO d (T, Ti) for all e £ H and such that 

(5) II^HsBMod = sup {Ir f \\(B(t) - m I B)e\\ 2 dt) 1 / 2 < oo. 

IeV,eeH,\\e\\=l I 1 I J I 

We would like to point out that while B belongs to one of the spaces 
BMO d orm (T,£(ft)) or WBMO d (T, £(H))) if and only if B* does, this is not the 
case for the space SBMO d (T, C(TL)). This leads to the following notion: 

Definition 1.1. (see |GPTVlj . [Pet]. [PXul ) We say that B £ BM0 d o (T, C(H)), 
if B and B* belong to SBMO d (T, C(H)). We define \\B\\ bmo ^ = \\B\\ SBMOd + 

H-S*llsBMO d - 

Continuous versions of this space in the more general setting of functions taking 
values in a von Neumann algebra with a semifinite normal faithful trace were studied 
by Pisier and Xu [PXuj and more recently by Mei [Mel] , together with an H p theory 
and a rich duality and interpolation theory. 

We now define another operator-valued BMO space, using the notion of Haar 
multipliers. As in the scalar-valued case (see |Perj ). a sequence ($/)/ e x>, 3>z £ 
L 2 {1 , C(TL)) for all / £ T>, is said to be an operator-valued Haar multiplier, if there 
exists C > such that 

II E *H//)M£»<T,7fl ^ C (E HMI 2 ) 1/2 fOT a11 Uiheo £ i\v,n). 

lev lev 

We write ||($/)|| mtl /t for the norm of the corresponding operator on L 2 (T,TL). 
Let us observe that 

(6) ||*j|U"CT,W) < |l(^)||m«K|J| 1/2 , J £ V. 

Definition 1.2. Let us define PjB = X)jc/ hjBj, and use the notation 

lev 

We define BMO mu i t (T, C{Ti)) as the space of those weak* -integrable £(H) -valued 
functions for which (PiB)j e x> defines a bounded operator-valued Haar multiplier, 
and write 

(7) l|5|| B Mo mult = \\A B \\ = \\(P I B) IeV \\ mult . 

Let us now give the definition of a further BMO space, the space defined in terms 
of dyadic paraproducts. 
Let B £ Tqq. We define 

7T B : L 2 {T,H) -» L 2 (T,H), f = £ Mi » £ B i( m if) h i> 

lev lev 

and 

A B : L 2 (T,H) -» L 2 (T,ft), / = ^Mi«^ £i(/i)£t- 
7Ts is called the vector paraproduct with symbol B. 
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It is elementary to see that 

(8) A B (/) = ]T fli(mj/)ft/ + Bl ^W\- 

lev lev ' ' 

This shows that Kb — ttb + Observe that A B = Kb*- Therefore (As)* = 
Kb*, and ||-B||BMO mu it = ||-S*]]BMO nml f 

Definition 1.3. Let E^B = J2\i\>2~ k Bihi f or k 6 N. The space 
BMO para (T, C{TL)) consists of those weak* -integrable operator-valued functions for 
which sup fcgN 1 1 7r b 1 1 < oo. For such functions, irsf = hm/c^oo tTe^b/ defines a 
bounded linear operator on L 2 (T,T-l), and we write 

(9) I|£||bmo p „. = IKb||. 
Let us notice that 

(10) A B f = Bf-J2(^iB)(fi)hj. 

lev 

From here one concludes immediately that 

(11) L°°(T, £(H)) C BMO mu it(T, C{H)). 

However, Tao Mei [Me2] has shown recently that L°°(T,£(H)) £ BMO para and 
therefore in particular BMO mu i t ^ BMO para . This is in contrast to the situation of 
scalar paraproducts in two variables, where BMO mu it(T 2 ) = BMO para (T 2 ) ( |BPo| . 
Thm 2.8). 

The following chain of strict inclusions for infinite-dimensional TL can be shown 
(see [BPo2] ): 

(12) BMO* orm (T, C(H)) C BMO muU (T, C(H)) C BM0^ o 

C SBMO(T,£(H)) C WBMO(T,£(H)). 

The reader is referred to [Blj . [BPoj . [Me2j . [PSmj for some recent results on 
dyadic BMO and Besov spaces connected to the ones in this paper. 

Mei's result implies in particular that BMO„ orm (T, £{H)) BMO para , and it is 
also easy to see that the reverse inclusion does not hold (see for example the proof 
of BMO mult £ BMOp ara at the beginning of Section [2]). 

To retrieve an estimate of the norm of the paraproduct in terms of the BMO^ orm 
norm, we will consider the " sweep" , which is of independent interest, in Section^ 
and averages of martingale transforms in Section [5] 

Given B G Too, we define the sweep of B as 

(13) S B = Y, B *l B tW V 

lev ' ' 

Our main result of Section^ Theorem 12.41 states that 

H^lllsMOpara ~ 1 1 S B | | BMO mult + 1 1 5 1 1 SBMO d ' 

In par ticular, using the result BMO r | orm (T, C(7~L)) C BMO mult (T, £{H)) (see 
[BPo2j 1. this shows that if B G SBMO d and S B G BMOf lorm , then tt b is bounded. 
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Section 3 is devoted to the study of sweeps of functions in different BMO- 
spaces. The classical John-Nirenberg theorem on BMO d (T) implies (and is es- 
sentially equivalent to) the fact that there exists a constant C > such that 

(14) ||$,|| BMO d < C||k|lBMO d 

for any b E BMO d . 

We will show that this formulation of John-Nirenberg does not hold for 
||-B||bmo so - In fact, it is shown that if (fl4|) holds for some space contained in 
SBMO d then this space is also contained in BMO para - 

In [K] , |NTV] and [NPiTV] , the correct rate of growth of the constant in the 
Carleson embedding theorem in the matrix case in terms of the dimension of Hilbert 
space Ti. was determined, namely log(dim7Y + 1). Here, we want to show that this 
breakdown of the Carleson embedding theorem in the operator case is intimately 
connected to a breakdown of the John-Nirenberg Theorem, and that the dimen- 
sional growth for constants in the John-Nirenberg Theorem is the same. This 
answers a question left open in [GPTVlj . 

In Section 4, we investigate "average BMO conditions" in the following sense. 
We show (see Theorem HI]) that ||-B|| B MO para < C(/ s || T a B\\l MQd da) 1 / 2 . More 

precisely, ||B||| MOpM . + l|£*ll B MO PMa « / E \\T*B\\% MOmiH d(T. 
Moreover, the norms ||-B|| BMO d i 

\\B\\ 

BMO muU an d 1 1 B 1 1 BMO para can be completely 
described in terms of average boundedness of certain operators involving either 
As or commutators \T a ,B\. The results of this section complete those proved in 
[GPTVlj . 

2. Haar multipliers and paraproducts 
We start by describing the action of a paraproduct ttb as a Haar multiplier. 
Proposition 2.1. Let B G .Foo . Then 

II^S || = \\(Bihi)i ev \\mult 

= \\(P I+ B + Pi-B) I& -D\\ mult 

= II (^2 B J B JJJ\)le-D\\mllf 



In particular, 



ra<ikBiim 1/2 , 



\\P I+ B(e) + P I -B(e)\\ L2{T , H) < |k fl |||J|^||e|| 

and 

\\^B}Bjf^)e\\ L ^ H) <\\n B r\I\\\el 
jci |J| 

Proof. The first and second equalities follow directly from the definitions and 
\Wb\\ = ||A b .||. 

For the third equality, use ||7Tb|| 2 = ||7r^7rs 11 , 

= E B?flz(mj(/))^ = £ B}Bj(Yi fjmdhj))^- 
lev ' ' lev icj > > 

lev icj > > jev icj > > 
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The estimates now follow from (j6|). □ 
The following characterizations of SBMO will be useful below. 
Proposition 2.2. f [GPTVlj ) Let B G SBMO d (T, C(H)). Then 

II^IIsbmoo = SU P « sup ^|| B*jBj\\. 

zex>,||e||=i Ml lev m y^j 



It follows at once from Propositions 12.11 and 12.21 that 

BMO para (T,£(ft)) C SBMO d (T,£(W)). 

It is easily seen that, if B and B* belong to BMO para , then B G BMO mu i t . 
However, we want to remark that the boundedness of tt b alone does not imply 
boundedness of As- 

To see this, choose some orthonormal basis (e,-)igN of Tl, and choose a sequence of 
C"-valued function (6 n )neN w ith finite Haar expansion such that ||&n||BMO d (£CH)) — 
Cn 1 / 2 ||6„|| W BMO d (£CH)) (f° r a choice of such a sequence, see [JPaPj V Let B n (t) be 
the column matrix with respect to the chosen orthonormal basis which has the 
vector b n (t) as its first column. Then it is easy to see that 

I Kb J I = I Kb J I ~ IIMlBMO d (T,W) > n 1/2 C\\b n || WB MO d (T,K) • 

As pointed out to us |PV| . it follows from the first Theorem in the appendix in 
|PXuj that 1Kb. || < C||& n || WBMO d (T,"H) for some absolute constant C and all n 6 N. 
Forming the direct sum 



n— 1 " n M 



we find that |Kb|| = L but Ab = Kb*)* is unbounded. 

One of the main tools to investigate the connection between BMO mu i t and 
BMOp ara is the dyadic sweep. Given B G J~oo, we define 

S B {t) = Y^B}B I ^. 
lev ' ' 

Lemma 2.3. Let B G T m . Then 

(15) 7r B 7TB = tt Sb + tt* Sb + D B = A Sb + D B , 

where D B is defined by D B hj <S> x = E/c/ B*jBjx for x G TL, L G T> and 

\\ D b\\ « ll^llsBMO d - 

Proof. (fTS"|) is verified on elementary tensors hi (g) x, hj ® y. We find that 

(1) for I CJ, 

{■K B TT B hi ®x,hj<8>y) = (7Tg B hi ®x,hj ® y) 

(2) for ID J, 

(ir B Tr B hi <E>x,hj <g>y) = (tt Sb hi <g> x, hj ® y) 

(3) for I = J, 

{-K* B i: B hi <E>x,hj ®y) = (D B (hi ®x),hj ®y). 
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Since supprrs^ft./ C I and supp As B hi C J, (t:* b tt shi ® x,hj ®y) = in all other 
cases. 

One sees easily that Db is block diagonal with respect to the Hilbert space 
decomposition L 2 (T, H) = JeC H defined by the mapping / h- > (fi)iev- The 
operator tts b is block-lower triangular with respect to this decomposition (using 
the natural partial order on T>), and A5 B is block- upper triangular. Thus we 
obtain the required identity. Note that 



\Db\\= sup h\J2B*jBje\\^\\B 



2 

SBMO d 

JCJ 



by Proposition 12.21 □ 
Notice that (Sb)* — Sb- Hence Lemma |2~31 gives 

Theorem 2.4. 

||S , s||BMO mult + ll- B llsBMO d ~ \\ WB W ■ 

Proof. It suffices to use that \\Db\\ ~ ll^llsBMO d an dthat ||B||sBMO d ~ 1Kb II (using 
Proposition HHI). □ 
This provides, among other things, our first link between BMO^ orm and BMO para : 



Corollary 2.5. 

'ksll 2 < II^bIIbmo^ + II-BIIbmo^- 

Proof. Theorem El and (jUJ). □ 

3. Sweeps of operator-valued functions 

Let us mention that by John-Nirenbcrg's lemma, we actually have that / 6 
BMO£ orm if and only if 



sup(-^ / \\B(t) - miB\\*dt) 1/p < oo 
lev \1\ J i 



for some (or equivalently, for all) < p < oo. Since (B — mjB)xi — PiB, we can 
also say that / G BMOj[ orm if and only if 

sup TtTTJ^ \\ p i( b )\\lp(c(h)) < °o- 
lev |J | lv 

One way to express the John-Nirenberg inequality on scalar-valued BMO d is to 
say that the mapping 

(16) BMO d -» BMO d , b i-> S b , 

is bounded. In the operator-valued setting, this John-Nirenberg property breaks 
down. Our main result is that any space of operator-valued functions which is 
contained in BM0 d o (T, C(7i)) and on which the mapping (|16[) acts boundedly is 
already contained in BMO para (T, C(H)). 

However, we find that (fl6]) acts boundedly between different operator-valued 
BMO spaces. We also obtain the sharp rate of growth of the norm of the 
mapping on BM0 d o (T, £(H)), BMO paxa (T, £(H)), BMO mu it(T, C(H)) and 

BMO d orm (T, £(%)) in terms of the dimension of H. 

Before establishing this dimensional growth, we consider an extension of the 
sweep. In the scalar case, one can extend the sweep BMO d -> BMO d to a sesquilin- 
ear map A : BMO d x BMO d -> BMO d . This map is motivated by the consideration 



8 



OSCAR BLASCO AND SANDRA POTT 



of "products of paraproducts" ftfTTg, which in turn is motivated by the long-standing 
investigation of products of Hankel operators r^r 9 in the literature (see I'Smj and 
the references therein). 

Definition 3.1. Let us denote by A : J-qq x .Fqo — > L 1 (T,£(7i)) the bilinear map 
given by 

A(b,f) = J2b*jfM. 

lev ' ' 

In particular S B = A(B, B) and A(B, F)* = A(F, B). 
Lemma 3.2. Let B G Tqq. Then 

PjA(B, F) = PjA(B, PjF) =PiYl TTl B *J F J = p i £ T7^. 

JC/ |J| JC7 |J| 

In particular, Pi(S B ) = Pi{S Pi b) = Pi(S(p i++ p i _)b)- 
Proof. PjA(B*, (Fjhj)) = P^B'jFjffi) = if / C J. Hence 

PiA(B, F) = PiA(B, PiF) = P/A(5, (P J+ + P z - )F). 

□ 

A similar proof as in Lemma 12.31 shows that 
Lemma 3.3. Let B,F G J^oo- Then 

lT B ir F = TT A ( B ,F) + ^A(F,B) + T>B,F = A A ( B)F ) + Db,f, 

where D b .f is defined by D By p(h] <Z> x) = hijj-\^2jciBjFjx for x G 7Y, / G V. 

Moreover, \\D b ,f\\ < s up|| e ||=i \\B e \\ B MO(H) su P|| e ||=i II-^IIbmocw)- 

Let us now study the boundedness of the sesquilinear map A in the various BMO 
norms. Again, the properties of the map A are more subtle in the operator-valued 
case than in the scalar case. 

Theorem 3.4. There exists a constant C > such that for B,F G ^"oo; 

(i) \\A(B,F)\\ BU o mH < CIISUbmo^JIFUbmOp^, 

(ii) ||A(B,F)|| WBMO d < C||-B|| SBMO d||-F 1 ||sBMO d 
(in) \\A{B,F)\\ s ^ MOA < C\\ir B \\\\F\\ SBMOd . 



Proof, (i) follows from Lemma 
(ii) Using Lemma [3T2l one obtains 

(P I A(B,F)eJ)=P I ^2((PiF)j^(PiB)jf)fj: 
Jev |J| 

for e, / G TL. Therefore, 

IKPjA^fOe,/)!^ = llPt^iiPi^j^iPiBhfirnhi 

JeV ' ' 

XJ , 



< 2\\J2{(PiF)je,(PiB)jf)ff\\ L 



Jev 



< 



2||(£ \\(PiB)jf\\ 2 f±) 1/2 h4(Yl \\iPiF)M\ 2 7T\) 1/2 \\L> 
Jev |J| jev |J| 



< 2( V \\(P I B) J f\\^( V \\(P I F) J e\\ 2 ) 1 / 2 . 



Jev Jev 
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Thus if ||S|| BMO d o = II^Ubmo^ = 1, then 

\\(P I A(B,F)eJ)\\ Ll < 2\\P I B f \\ L , in) \\P I F e \\ LHn) < 2\I\. 
This, again using John-Nirenberg's lemma, gives ||A(iJ, -F , )||wBMO d (£(W)) < C- 
(iii) From Lemma l3.2i we obtain 

\\P I A(B,F)e\\ LHH) = \\A B ,(PjF e )\\ LHH) < ^^4^, 

□ 

Here comes the main result of this section. 

Theorem 3.5. Let H. be a separable, finite or infinite- dimensional Hilbert space. 
Let p be a positive homogeneous functional on the space !Fqq of C(Tl) -valued func- 
tions on T with finite formal Haar expansion such that there exists constants c\ , C2 
with 

(!) ll-B|| B MO d - °iP( B ) and 

(2) p(S B ) < c 2 p{B) 2 for all B e F 00 . 

Then there exists a constant C, depending only on C\ and c%, such that 
||£||BMO para < Cp(B) for all B 6 T m . 

Proof. For n 6 N, let E n denote the subspace {/ e L 2 (T, H) : fi = for |/| < 2"™} 
of L 2 (T,H). Let c(n) = sup{||7r B ||£;„ : p(B) < 1}. An elementary estimate shows 
that c(n) is well-defined and finite for each n £ N. For e > 0, n G N, we can find 
/ e £„, ll/H =1, Be ^oo, < 1 such that 

c(n) 2 (l-e) 2 < hnff = (n SB f,f) + (f,w SB f} + (D B f,f) 

< 2c(n)p(S B ) + ci||B|| B MO d < 2c 2 c(n) + c x . 

It follows that the sequence (c(n)) n£ N is bounded by C = c 2 + \J c\ + c\ , and 
therefore ||7T B || < Cp(B) for all B e J^oo- " □ 

One immediate consequence is the following answer to Question 5.1 in [GPTVlj . 

Theorem 3.6. There exists an absolute constant C > suc/i £/ia£ for each n G N 
and eac/i measurable function B : T —> Mat(C, n x n), 

(17) H&IIbmo*. <Clog( n +l)||B||| MO?o , 

and this is sharp. 

Proof. From (iii) in Theorem 13.41 one obtains: 

I|Sb||bMO so < C||i?||BMO par J|i?||BMO d < Clog(ra+ 1)||S|||mo- o! 
since there exists an absolute constant C > with 

||£||bmo p „. < Clog(n + l)||B|| BM o d 

by [K] and [NTVj . On the other hand, denoting by C n the smallest constant such 
that 

II'S'bIIbMO^ — C«ll-^llBMO d 

for each integrable function B : T — > Mat(C, n x n), we obtain from Theorem 13.51 
that 

I|£||bMO p .„ ^ (°n + VC 2 + l)\\B\\ BMO d 

<3C n ||S|| 

BMO d 
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for each integrablc B. It was shown in [NPiTVj that there exists an absolute 
constant c > such that for each n G N, there exists B^ : T — > Mat(n x n, C) 
such that ||-B(")|| B MO pata > clog(n + l)||SW|| BMO d . Therefore C n > § \og(n + 1), 
and (fT7|) is sharp. □ 



d 

norm ' 



Sharp rates of dimensional growth can also be determined for Sb in BMO 
BMO para and BMO mult . Interestingly, the rate of growth for BMO^ and BMO para 
is slower than the one for BMO mu it and BMO^ orm . 

Theorem 3.7. There exists an absolute constant C > such that for each n G N 
and each measurable function B : T — > Mat(C, n x n), 

(18) l|5B||BMO para <Clog(n + l)||5|| BMOpara , 

(19) IISbIIbmcw < c ( lo s(™ + l)) 2 ||S||| M o muIt : 

(20) H^Ubmo^ < C (log(n + 1)) 2 \\B\\ 

BMO d „, ' 

and this is sharp. 

Corresponding estimates also hold for the sesquilinear map A. 

Proof. This is contained in |BPo2] . □ 

Finally, the following corollary to Theorem 13.51 gives an estimate of || ■ || B MO para m 
terms of || • ||sBMO d w ith an "imposed" John-Nirenberg property. We need some 
notation: Let S^ 0) = B and let = S s ^-d b for n G N, B G F 00 . 

Corollary 3.8. There exists a constant C > such that 

||S|| B MO pata < Csup H^llsBMO- ( B e ^00). 

n>0 

Proof. Define p(B) — sup n>0 \\S*jg llsi»«) d ' *-* ne sees easu y l na, l ^his expression is 
finite for B £ Fqo- Now apply Theorem 13.51 □ 

4. Averages over martingale transforms and operator-valued BMO 

Let X = { — 1, l} 27 , and let da denote the natural product probability measure 
on X, which assigns measure 2~" to cylinder sets of length n. 
For a G { — 1, l} 13 , define the dyadic martingale transform 

(21) T a : L 2 (T,Ti) ► Z/ 2 (T,7i), / = £ hifi h-> ]T hjaifi, 

lev lev 

Given a Banach space X and F G i 1 (T, X), we write F for the function defined 
a.e. on X x T by 

F(a,t) = T a F{t) =^<TiFihi{t). 

i 

In case that X is a Hilbert space, ||T CT i ;l || i 2( Ti x) = ||^||l 2 (t,x) f° r an y (o'i)ieVi 
and therefore ||-F||l°°(£,l 2 (t,x)) = ||-F 1 ||l 2 (t,a')- More generally, we have for UMD 
spaces that ||T (T F|| i 2( T! x) ~ ||-F 1 ||l 2 (t,a')- However, X — C(TL) is not a UMD space, 
unless TL is finite dimensional. 

Whilst | B 1 1 BMOp ara cannot be estimated in terms of ||-B||BMO muit _Mc2j, we will 
prove an estimate of ||-B||BMO pal . a in terms of an average of ||T CT i?||BMO mult over X. 
Similarly, whilst the result in |Me2] implies that ||Ss||BMO d cannot be estimated 
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in terms of ||-B||BMO d > we wm prove an estimate of HSbIIbmO" 1 m terms of 
an average of ||T' (T .B|| BM Qd over E. For this, the following representation of the 
sweep will be useful: 

(22) S B (t) = f {T a B)*{t){T a B){t)dcj. 

Theorem 4.1. Let B £ Then 

II^bIIbMO^ ~ / ll T 'o'- B llBMO d d<7 - 
Jt, norm 

In particular ||-B||| MOj>Ma < J s \\T a B\\l MQ ^da. 
Proof. The first inequality follows from the estimate 
||-P/<S'b||li(tx(w)) 



|-P/S'p/b||l 1 (t,£(w)) < 2 



f {T t7 P I B*){T a P I B)da 
is 



L 1 (T,£(W)) 



< 2^ ikp^b)^^^!!^^^))^ = 2^ [[(Pjr cr B)||| a(Ti£(T<)) d ff 

< 2|/| / \\T a B\\ 2 BMOd da. 

Js norm 

Using John-Nirenberg's lemma for BMO^ orm (T, C(H)), one concludes the result. 
The second inequality follows from the first, (fT2")) and Theorem 12.41 □ 

We are going to describe the different operator-valued BMO spaces in terms of 
"average boundedness" of certain operators. First we see that the BMOg -norm 
can be described by "average boundedness" of A^. 

Theorem 4.2. Let B £ Too, and let & B be the map 

<S> B :L 2 (T,H)^L 2 (TxZ,H), f h- A B T a f. 

Then 

|]<M= sup (/ |]A B (T CT /)]|2 2( ^a) 1 ^ = |]B|| SBMOd . 
\\f\\ L 2 (n) =i Jn 

In particular, ||B||bmo. = ll^sll + 

Proof. Since A B (T a f) = J^iev Pi(B)fihiai, we have 

\(3> B f)(t,a)\\ 2 dtda 
f f \\{K B T a f){t)\\ 2 dtda = \\Pi(B)f 



lL 2 (W) 



KBW-m/B)^)!! 2 !!//!! 2 *^ sup \\B e f BMO{n) Y,\\l 



■\\t 



j\\ 



l|e|| = l JeD 



The reverse inequality follows by considering functions / = hie, where e £ TL, 

lev. □ 

We require a further technical lemma, which shows that the L 2 norm of Bf may 
be decomposed in a certain way. 
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Lemma 4.3. Let B e Ho and f & L 2 (T,H). Write Bf = n B f + A B f + 7s/. 
Then 



\\Bf\\ 2 



L 2 (SxT,H) 



/ hT, B (f)\\h {H) da+ f \\A T „ B (f)\\l HH) da+ [ \h T Mf)\\UH) d ° 



and 



(23) ||A 5 /||£ 2(SxT , w) = £ |kT CT B(/)||i 3(w) da + £ ||AT„B(/)||i 3( « )( ia. 
Proof. Observe that mi(T a B)hj = (^2 ICJ ajBjhj)hj. Hence 

7t.b(J) = E "»/(r<rS)(//)/u = ]T <7jBj(5^ Mj)fcj. 



This shows that 



/ / (*T„Bf,Tr rB g)d*dt=J2 f(B I m I f,B I (J2gjhj))£-dt = 0; 

[ f ( lTaB f, A TaB g)do-dt = E / < B 'E /JM. B igi )^dt = 0; 
jtjt, lev 1 JCI 



[ [ (n TaB f,A TaB g)dadt =J2 f {Bimif,B I g I ) f ±dt = 0. 



To finish the proof, simply expand ||-B(/)||| 2(S)<TjW) and ||A^(/)||| 2(SxT W) . □ 
Here is our desired estimate of ||-B||BMO P ara + ll^*llBMO paia m terms of an average 
over ||B||BMO mu ,f 

Corollary 4.4. Let B E Too- Then 

~(||7r fl || + HAflll) < ||S|| i2(S! BMO mult ) < hs\\ + ||A B ||. 

Proof. To show the first estimate, it is sufficient to use (1251) in Lemma 14.31 the 
identity || Ab|| = \\tt b * || and the invariance of the right hand side under passing to 
the adjoint B* . 

For the reverse estimate, note that 

/ l|£|| BM cwA< /(||A TCTS || + H7r TCTi3 ||) 2 da=(||A B || + || 7 r s ||) 2 . 

□ 
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